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ABSTRACT 

The Cauchy problem du/dt = A u (t), u (0) = u0 E D(A) has analytic solutions 
when A has first and second Gateaux derivatives along the solution curve in a 
certain weak sense. Here A is a maximal monotone operator in a complex 
Hilbert space. 

O. Introduction 

In this paper we discuss nonlinear holomorphic semigroups in Hilbert 
spaces, intending to remove the assumption of the complex Frrchet differen- 
tiability of "resolvent" ofA : (21 - A) -~. 

K. Yosida [ 11 ] first established analyticity ofsemigroups of linear operators. 
T. Kato-H. Tanabe [5] and K. Masuda [9] considered linear holomorphic 
evolution operators. In case of semilinear and quasilinear equations several 
authors discussed analyticity of the solutions (S. Ouchi [10], Hayden-Massey 
[4], Massey [8], Furuya [2, 3]). 

Y. Komura [6] gave the relation of nonlinear holomorphic semigroups to 
resolvents of generators. Instead oflinearity of A, he assumed complex Frrchet 
differentiability of the resolvent ofA. 

In the present paper we assume only "temporal analyticity" of A, more 
precisely we consider analyticity for the equation du(t)/dt ~Au(t) under the 
assumption that A has first and second Gateaux derivatives along the solution 
curve in a certain weak sense. 

The author wishes to express her sincere gratitude to Professor Y. KOmura 
for his kind advice. 
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1. Main  theorem 

We establish analyticity in t o f  solutions to nonlinear evolution equations: 

d 
(1.1) dt u(t) =Au(t) ,  0 < t < T, 

(1.2) u(0) = uoED(A). 

Let (H, IJ • JJ ) be a complex Hilbert  space with norm ]J " J]. 
We assume the following conditions: 

(A. 1) A is a single valued maximal  monotone  operator  from H to H .  

(A.2) G is a normed space with norm [I ' J[~. G contains H and [1 • 11~ =< 

I1" II. 
(A.3) There is a single valued operator  Aq from H to G with restriction 

Ac JO~A) = A and D(Ac) = H. 
(A.4) For any x ~ D(A) there exist a linear function 0.4 (x) from H to G, L > 0, 

and a(x) > 0 satisfying the following: 

(1.3) Ao(x + L4x + e(2)) = Ax + 2OA(x)Ax + ~l(,~), 

IIOA(x)AxlI~<=LIIAxll for 12 [ _-< a(x), 2 E C ,  

11 ,l(x) I1o =< H(A) = o(IX I), II e(A)11 < / ( A )  = o([A I), 

inf{a(x); II x II < N)  = a s  > 0. 

(A.5) There exist a constant w ~(0 ,  7t/2) and a "resolvent" operator (A + 2) -~ 

satisfying D((A + 2) -~) = H f o r  larg2 1 < 1t/2 + to. 

(A.6) 11(,4 + ;0-Lx - ( A  + ;0- 'Y II <(sup{Re(e-i°L); JOL <to})-~  IIx - y  II for 
larg;tl _-<tt/2 + t o ,  x, y E H .  

(A.7) For any x ~ D(A) there exist a linear operator 02A from H t o  L(H; L(H; G)) 

and a function e(2) > 0 satisfying 

(1.4) aA(x + 2Ax + e(X))y =OA(x)y + 2O2A(x, Ax)y + {(2)y, 

II e(2)II < E(X)=  o(12 I), II ~(X) JlL~.,G~--_< Z(~) --- o(I ~ t2). 

Here L(X; Y) is the space of  linear operators from X to Y. 

THEOREM 1. For some complex sector Z0 = {t EC;Jarg t J < 0}, there exists a 

holomorphic function u which satisfies the following Cauchy problem: 



Vol. 68, 1989 NONLINEAR SEMIGROUPS 

I d u( t )=  Au(t), t~Zo, 
(1.5) 

! 
[u(O) = uoED(A). 

2. Preliminaries 
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First, we cite a known theorem: 

THEOREM A. Let H be a Hilbert space and - A be a maximal monotone 

operator from H to H. Then the Cauchy problem 

d 
(2.1) --ffttu(t)=Au(t), 0 < t ,  

(2.2) u(O) = uo~D(A), 

has a unique solution u(t). 

REMARK. For properties of maximal monotone operators and the Cauchy 
problem (2.1) and (2.2), see Brezis [1] or Komura-Konishi [7]. 

LEUMA 1. For any O, l O[ < o~, -- e~°A is a maximal monotone operator. 

PROOf. By virtue of (A.5) we have only to show the monotonicity of 
- ei°A. By (A.6) we get 

]] (J" + el°A) -Ix -(~. + ei°A)-lY ][ = II ( e-~°A + A ) - ' x  - (e-~°2 + A ) - ~ y  II 

< (Re(e-~°2)) - '  I1 x - y  II- 

LEMMA 2. Let u(t) be a solution to (1.5). Then for any e > 0 there exists 
> 0 such that 

(2.3) u(s ) = Uo + sAuo + e(s ) for any 0 < s < 

where ]] e(s) ]] < Ces, C is a positive constant. 

PROOV. By the relation 

d + 
- -  u ( t )  = AUo. 
dt 

we get (2.3). 
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LEMMA 3. Let  u(t ) be a solution to (1.5). Then for any e > 0 there exists ~ > 0 

such that 

(2.4) u(t) = u(s) + (t -- s)Au(s)  + e(t - s) 

where II e(t - s) II <-- Ce l t  - s l. 

f o r O ~ s  < t ,  I t - - s l  <O 

PROOF. This follows from (A.4), (A. 1) and 

d.~ d + 
u(s)  <= u(O) for any s > 0. 

LEMMA 4. For a solution u(t)  to (1.5), we have 

u(s) = Uo + f ~ A u ( r ) d r  

(2.5) = uo + f f  [Auo + rOA(uo)Auo + q(r)ldr for s < ot(Uo). 

PROOF. By Lemma 2 and (A.4) we have 

Au(r)  = A(uo + rAuo + t(r))  = Auo + rOA(uo)Auo + q(r). 

Let 0 < 0 < o9 be fixed. By Lemma 1, there exists a unique solution v t(s) 

(resp. U(s))  to (2.6) and (2.7) (resp. (2.8) and (2.9)): 

d~ t 
(2.6) - - ~ e ~ ° A v t ( s ) ,  0 < s  < T, 

ds 

(2.7) v t(0) = u(t),  0 < t <_ T 

where u(t)  is a solution to (1.5); 

(2.8) dVtEe-~°AOt(s) ,  0 < s  < T, 
ds 

(2.9) 0t(0) = u(t), 0 < t  _-< T. 

Let 

(2.10) 

"u(O) = Uo, 

u(t): solution to (1.5) for 0 < t < T, 

u(z)  = vt(s), where z = t + se i°, 

u(z)  = Or(s), where z = t + se -~°, 

O <t , s<T ,  

O < t , s  < T. 
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Let D, = [:](to, s, O) be the parallelogram with vertices at to, to + s, to + s + se i° 

and to + se ~°, and define 

:o r r 'o+'+'' r ,o+,," Z ,o f dz = . ' ° + S f  dz + f dz + f dz + f dz. 
J to J to+S J t o + s + s e  i° o + s e  is 

We shall show that S~, u(z)dz = O. 

Let Ca(t) = ~ q(r)dr and ~b(t) = ~ gp(r)dr. 

LEMMA 5. There exist constants C~ > 0 (i = 1 . . . . .  5) such that 

II e(t)II --< C,t, II ~(t)I1~(.,~)--< C2 t2, II ,7(t)I1~ --< c3t, 

II ~(t)IIG --< C,?, II ~(t)IIc =< c~t 3. 

The proof is easy and omitted. 

Let u(t) be a solution to (2.1) and (2.2). Set 

M, = sup{ II u(t) II; 0 _--< t < T}, 

M2 = sup{ II au(t)  II ; o =_< t < T}, 

M3 = sup{ II aA(u(t))hu(t)Ib; 0 _-< t _-< T}, 

M,  = sup{ II (s - t ) O 2 h ( u ( t ) ,  Au(t))Au(t) IIL(.,c); 0 =_< t < s  --_< T}. 

L~.MMA 6. Every constant M~ (i = 1 . . . . .  4) isfinite. 

PgOOF. Since u(t) is a solution to (2.1) and (2.2), we have 

II Au(t) II --< U auo II for any 0 < t. 

This implies 

(2.11) 

and 

(2.12) 

By (A.4) we have 

(2.13) 

Ms = II Auo II 

M, =< II Uo II + T II AUo II. 

[[ OA(u(t))Au(t) JIG --< L [[ Au(t) [[. This implies 

M3 <- LM~. 

I f s  > t and s - t is sufficiently small, by (A.7) we get 

OA(u(s))x = OA(u(t)) + (s - t)O~A(u(t), Au(t))x + ~(s - t)x. 
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Then using (2.13) we get 

II (s - t)O2A(u(t),Au(t))x IIG < II OA(u(s))-  OA(u( t ) -  ~(s - t)) IILtH.C) [I X II 

_--< (2LM2 + C2(s - 02) I] x II 

_-< (2LM2 + CzT 2) 11 x II. 

Consequently we get 

(2.14) M4 < 2LM2 + C2T 2. 

3. Proof of Theorem 1 

For  s implici ty  we assume to = 0. We abbreviate  A~ to A and  1[ • lie to [I ' ]1. 

Let  

~0 S (3.1) u(0) = uo~D(A) ,  u(s) = u(O) + Au(r)dr,  

(3.2) v(0) = u(t), v(s) = v(0) + f :  ei°Av(r)dr, 

(3.3) w(0) = u(0), w(s) = w(O) + f f  #°Aw(r)dr,  

(3.4) P(0) = w(t), P(s) = P(O) + f : A P ( r ) d r ,  

and  

(3.5) 
f0' fo I =  u(s)ds, I I =  v(s)ds, I I I =  w(s)ds, 

I V =  fo'e(s)ds, v =  fo'tP(s)- vS(t)lds. 

LEMMA 7. 

(3.6) 

fO 
t 

I = u(s)ds 

t 2 t 3 
= tUo + ~AUo + -g OA(uo)Auo + ~(t) 

where dO(t) = $6 ~(s)ds  and ~(s)  = ~ rl(r)dr. 

PROOF. By (3.1) and  L e m m a  1 we get 
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5o ' u(s) = uo + Au(r)dr 

(3.7) = uo + f ]  [Auo + rOA(uo)Auo + q(r)]dr 

S2 
= Uo + sAuo + -~ OA(uo)Auo + ~(s). 

by integrating u(s) from 0 to t we obtain (3.6). 

LEMMA 8. 

5/ II -- v(s)ds 

t 3 
= tuo + t2Auo + -~ 0.4 (uo)Auo + t~(t)  

l 2 

(3.8) + e~°-j (Auo + tOA(uo)Auo + rl(t)) 

t 3 
+ e 2~°- (OA(uo) + tO2A(uo, Auo) + ~(t)) 

6 

× (Auo + tOA(uo)Auo + eft)) + dP(t)e ~°. 

PROOF. 

(3.9) 

By (3.1) and (3.2) we have 

£ v(s) = v(O) + ei°Av(r)dr 

= Uo + £ ' A u ( r ) d r  + f o" 

By (A.4) and (A.7) we obtain 

ei°Av(r)dr. 

Av(r) = A(v(O) + ei6rAv(O) + e(r)) 

= Av(O) + ei°rOA (v(O))Av(O) + rl(r ) 

(3.10) =Auo + tOA(uo)Auo + q(t) 

+ ei°r(OA(uo) + tO2A(Uo, Auo) + ~(t)) 

× (Auo + tOA(uo)Auo + eft)) + q(r). 

Combining (3.10) and (3.9), (3.8) is easily obtained. 
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LEMMA 9. 

(3.1 l) 
L 

t 
III = w(s)ds 

o t3 +(t)) = tUo + ei°\2 Auo + e'°-7OA(uo)Auo + • 

PROOF. 

(3.12) 

From (3.1) and (3.3) it follows that 

:o" :: w(s) = w(O) + e~°Aw(r)dr -- Uo + e~°Aw(r)dr. 

From (A.4), (3.3) and Lemma 2 it follows that 

Aw(r) = A(w(O) + ei°rAuo + e(r)) 
(3.13) 

= Auo + e~°rOA(uo)Auo + rl(r). 

(3.12) and (3.13) imply 

(3.14) w(s )=  no + ei°(sAuo + ei°~2OA(u°)Au°2 + ~(s)).  

By integrating w(s) from 0 to t we obtain (3.11). 

LEMMA 10. 

£ IV = P(s)ds 

t 2 
= tUo + -~ ((AUo + ,7(t)) + ~(t)) 

(3.15) 

t 3 
+ ~ (aA(uo)(Auo + ~l(t)) + ~(t)(Auo + r/(t))) 

t3 t 4 
+ e i° t2Auo + t@(t) + -20A(uo)Auo + -~ 02A (Uo, Auo)(Auo + rl(t)) 

4 t4 ) 
+ 60A(uo)OA(uo)Auo + ~(t) -~ OA(uo)Auo 

 Uo,O ,Uo Uo) 
PROOF. By (3.4) we get 
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(3.16) 
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fo fos P(s) = P(O) + AP(r)dr = w(t) + AP(r)dr. 
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From (3.12) it follows that 

t2 q~(t)) 
(3.17) P(O) = Uo + e ~° (tAuo + e i°-2 0,4 (uo)Auo + . 

By Lemma 2 and (A.4) we get 

(3.18) 
AP(r) = A(P(O) + rOAP(O) + e(r)) 

= Aw(t) + rOA(w(t))Aw(t) + rl(r ). 

By (3.13) we have 

(3.19) Aw(r) = Auo + ei°tOA(uo)Auo + q(t). 

By (A.7) we obtain 

(3.20) 
Aw(t) = OA(uo + ei°tAuo + e(t)) 

= OA(uo) + ei°tO2A(uo, Auo) + l~(t). 

Then from (3.16), (3.17), (3.18), (3.19) and (3.20) we get 

P(s) = Uo + e i° tAuo + e i ° -  OA(uo)Auo + ~(t)  

(3.21) 
+ s(Auo + e~°tOA(uo)Auo + rl(t)) 

S 2 
+ -~ ((OA(uo) + e~°tO2A(uo, Auo) + ~(t)) 

X (Au o + ei°taA(uo)Auo + rl(t)) + s~(t)). 

By integrating P(s) from 0 to t we have (3.15). 
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LEMMA 1 1. 

V= Yo' [P(s) - v S(t)lds 

t 4 
=- - -  ei°(OA (Uo)OA (uo)Auo + 02.4 (Uo, Auo)Auo) 

12 

t2 ~ t3 
(3.22) - ~ P ( t ) + ~ r l ( t ) +  ~(t)+-~(t)(Auo+e'°tOA(uo)Auo+~l(t))  

- ~ e/° ( '  [(0A (Uo) + sO2A(uo, Auo))e(s) 
2 do 

+ ~(s)(Auo + sOA(uo)Auo) + e(s)~(s)lds. 

PROOV. By (2.6), (2.7), (3.1), (A.4) and Lemma 2 we have 

:o' v'(t) = u(s) + e~°AvS(r)dr 

S2 
= Uo + sAuo + -~ OA(uo)AUo + ~(s)  

£' + e i° [Auo + sOA(uo)Auo + rl(s) 

+ eiOr(OA(uo) + sO2A(uo, Auo) + ~(s)) 

× (Auo + sOA(uo)Auo + e(s)) + q(r)]dr 

s 2 
(3.23) = Uo + sAUo + -~ OA(uo)Auo + ~P(s) 

+ ei°(tAuo + stOA(uo)Auo + t~l(s)) 

t 2 
+ -- ei°(OA (uo)Auo + sOA (Uo)(OA (uo)A (Uo)) 

2 

+ sc92A (Uo, Auo)Auo + s2c92A (Uo, AUo)(OA (uo)Auo) 

+ (OA (uo) + sO2A (Uo, AUo) + ~(s))~(s) 

+ ~(s)(Auo + sOA(uo)Auo + e(s))) + ~(t)e 2;e. 

Then by (3.21) and (3.23) we obtain 
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[ e~t [P(s) -- v'(t)lds 

=fot[ei°~(t)+srl(t)-t-~,(t)(Auo+ei°tOA(uo)Auo+q(t)) 

+ s~(t) - ~(s) - e~°tq(s) 

t 2 
- e i°-2((OA (Uo) + sO2A (Uo, 0.4 (Uo)))e(s) 

+ ~(s)(Auo + sOA(uo)Auo) + e(s)~(s) 
(3.24) 

st . ] 
+ (s - t) -~ e'°(OA (Uo)OA (uo)Auo + OZA (Uo, Auo)Auo)) ds 

t 2 t 3 
= - +(t) -2 rl(t) + -6 ~(t)(Auo + ei°tOA(uo)Auo + rl(t)) 

t 2 t 2 :o t 
+ -~ ~(t) - e ' ° -  [(OA(uo) + sOA2(uo, Auo))e(s) 

2 

+ ~(s)(AUo + sOil(Uo)AUo) + e(s)~(s)lds 

t 4 
+ - -  ei°(OA (Uo)OA (uo)Auo + 02.4 (Uo, Auo)Auo). 

12 

Thus (3.22) is obtained. 

LEMMA 12. For sufficiently small t > 0 we have 

u u(z)dz < Ct 3. 

PROOF. From (2.6) . . . .  , (2.10) and (3.1) . . . . .  (3.5) it follows that 

£ u(z)dz= :otu(s)ds + :otV(s)ei°ds - : j v s ( t ) d s  - fo'W(s)e~°ds 

Yo' Yo' 2 -- u(s)ds + v(s)ei°ds - P(s)ds 

- fo'W(s)e'°ds + f o t [ P ( s ) -  v'(t)lds 

-- I + e i°II  - e~°III - I V  + V .  

Then by Lemma  7, . . . ,  I . emma 11 we get 
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1 4 
a, u(z)dz  = t ( - ei°(OA (Uo)OA (uo)Auo - O2A (Uo, Auo)Auo) g 

- e2~°tO2A (Uo, Auo)OA (uo)Auo + te3~°O2A (Uo, Auo)OA (uo)Auo) 

_ I t3OA(uo)rl(t ) 
6 

+ e ~° ( t ~ ( t )  - t4 -~ 02A (Uo, Auo)rl( t ) 

t2 : o  t 
- ~- [(OA(uo) + sO~A(uo, Auo))e(s) 

+ ¢(s)(Auo + sOA(uo)Auo) + e(s)¢(s)lds) 

t 2 

+ e 2i°- rl(t) 
2 

t 3 
+ e 3i°- ((OA(uo) + tOZA(uo, Auo))e(t) 

6 

+ ¢(t)(Auo + tOA(uo)Auo) + ¢(t)e(t)). 

Then from Lemma 5 there exists a positive constant C such that 

~o u(z)dz  < Ct 3. 
t 

There exists n ~ N +  such that 

2 -"T < inf{e(u(t)); 0 < It I < T}. 

For t = 2 - ' s ,  we denote I:l(jt + kte ie, t, 0) by UIj,k,. By I.emma 12 we obtain 

u(z)  < Y~ u(z)  < C4"t 3 = C4" C 2"" 
z j , k  - I j,k,t 

Therefore for any e > 0 there exists large n such that 

:D u(z)dz  < C - ~  < e. 
I 

It means that 
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f n  u(z)dz = O. 
s 

In the case that - co < 0 < 0, the proof is analogous to that of  0 < 0 < co. 
Hence u(z) is analytic. 

To show that u is unique, it suffices to show it for real t since u is analytic. 
However, for real t, uniqueness of  u is included in Theorem A. 

REFERENCES 

1. H. Brezis, Operateurs maximaux monotone et semi-groupes de contraction dans les espaces 
de Hilbert, North-Holland, Amsterdam-London, 1973. 

2. K. Furuya, Analyticity of solutions ofquasilinear evolution equations, Osaka J. Math. 18 
(1981), 669-698. 

3. K. Furuya, Analyticity of solutions of quasilinear e~olution equations H, Osaka J. Math. 20 
(1983), 217-236. 

4. T. L. Hayden and F. J. Massey III, Nonlinear holomorphic semigroups, Pacific J. Math. 57 
(1975), 423-439. 

5. T. Kato and H. Tanabe, On the analyticity of solution of evolution equations, Osaka J. 
Math. 4 (1967), 1-4. 

6. Y. KOmura, Differentiability of nonlinear semigroups, J. Math. Soc. Japan 21 (1969), 
375-402. 

7. Y. K6mura and Y. Konishi, Nonlinear Evolution Equations, Iwanami-shoten, Tokyo, 1977 
(in Japanese). 

8. F.J. Massey III, Analyticity of solutions of nonlinear evolution equations, J. Differ. Equ. 22 
(1976), 416-427. 

9. K. Masuda, On the holomorphic evolution operators, J. Math. Anal. Appl. 39 (1972), 
706-711. 

10. S. Ouchi, On the analyticity in time of solutions of initial boundary value problems for 
semi-linear parabolic differential equations with monotone nonlinearity, J. Fac. Sci. Univ. Tokyo 
Sect. IA 20 (1974), 19-41. 

11. K. Yosida, On the differentiability of semi-groups of linear operators, Proc. Japan Acad. 34 
(1958), 337-340. 


